Introduction
A very important subject in the theory of ordered hypersemigroups is the determination of right (left) ideals, bi-ideals, and quasi-ideals, which play an essential role in the investigation. This is because very often we need counterexamples that clearly are impossible to make by hand and it is difficult to write such programs as well. Examples of some types of ordered hypersemigroups (such as regular, intraregular, and completely regular) are also very useful, and again it is difficult to write programs. To overcome this difficulty we use examples that come from ordered semigroups for which we already have such programs. The examples of ordered semigroups given by a table of multiplication and an order play an essential role in it. The paper in [2; p. 104. l. [12] [13] [14] [15] [16] [17] [18] [19] [20] was on hypersemigroups (without order) and it has been proved in it that if (S, ·, ≤)
is an ordered semigroup and endow it with the hyperoperation a • b := {x ∈ S | x ≤ ab} , then (S, •) is a hypersemigroup. Here we prove that this is not only a hypersemigroup but an ordered hypersemigroup as well.
It may be mentioned that if (S, ·, ≤) is an ordered groupoid, then the hypergroupoid (S, •) with the same order " ≤" of S is an ordered hypergroupoid. Thus, from every ordered groupoid (ordered semigroup) (S, ·, ≤)
given by a table of multiplication and an order, an ordered hypergroupoid (ordered hypersemigroup) (S, given by a table of multiplication and an order, a corresponding example of an ordered hypersemigroup can be constructed having the same right (left) ideals, bi-ideals, quasi-ideals, and interior ideals. For the sake of completeness, we will give some definitions already given in [20] .
Prerequisites
A groupoid is a nonempty set S with a binary operation (called multiplication) " ·" on S . An ordered groupoid ( po -groupoid) is a groupoid (S, ·) with an order relation " ≤" on S such that a ≤ b implies ac ≤ bc and ca ≤ cb for every c ∈ S . If the multiplication on S is associative, then (S, ·, ≤) is called an ordered semigroup ( po -semigroup) [1] . For an ordered groupoid (S, ·, ≤) and a subset A of S , we denote by (A] the subset of S defined by (A] = {t ∈ S | t ≤ a for some a ∈ A} [6] . If (S, ·, ≤) is an ordered groupoid, a nonempty subset A [17] . An ordered groupoid S is called right (resp. left) simple if S is the only right (resp. left) ideal of S ; it is called simple if S is the only ideal of S . If S is an ordered groupoid satisfying the relation (aS] = S for every a ∈ S or (AS] = S for every A ⊆ S , then S is right simple; if (Sa] = S for every a ∈ S or (SA] = S for every A ⊆ S , then S is left simple. In particular, if S is an ordered semigroup, then S is right (resp. left) simple if and only if (aS] = S for every a ∈ S or (AS] = S for every A ⊆ S (resp. (Sa] = S for every a ∈ S or (SA] = S for every A ⊆ S ); it is simple if and only if (SaS] = S for every a ∈ S , equivalently if (SAS] = S for every A ⊆ S [8] . If an ordered semigroup is right simple or left simple, then it is simple. An ordered semigroup (S, ·, ≤) is called regular [10] if for every a ∈ S there exists x ∈ S such that a ≤ axa, that is if a ∈ (aSa] for every a ∈ S or A ⊆ (ASA] for every A ⊆ S ; it is called left (resp. right) regular [7] if for every a ∈ S there exists x ∈ S such that a ≤ xa 2 (resp.
is called right quasiregular if for every a ∈ S there exist x, y ∈ S such that a ≤ axay , equivalently for every a ∈ S we have a ∈ (aSaS] or A ⊆ (ASAS] for every A ⊆ S ; left quasiregular if for every a ∈ S there exist x, y ∈ S such that a ≤ xaya , equivalently a ∈ (SaSa] for every a ∈ S or A ⊆ (SASA] for every A ⊆ S ; and semisimple if for every a ∈ S , there exist x, y, z ∈ S such that a ≤ xayaz , that is a ∈ (SaSaS] for every a ∈ S or A ⊆ (SASAS] for every A ⊆ S [18] . The right quasiregular and the left quasiregular ordered semigroups are semisimple. If an ordered semigroup is right simple and left simple, then it is regular [23] . An ordered semigroup (S, ·, ≤) is called strongly regular [16] if for every a ∈ S there exists x ∈ S such that a ≤ axa and ax = xa. We denote by P * (S) the set of nonempty subsets of S ; and the notation A ⪯ B , where A, B are subsets of an ordered set (S, ≤) means that for every a ∈ A there exists b ∈ B such that a ≤ b. An hypergroupoid is a nonempty set S with an "operation"
on S called hyperoperation (as it maps to each couple a, b of elements of S a nonempty subset a • b of S ) and an operation * :
on P * (S) (induced by the hyperoperation of S ) such that
hypergroupoid then, for every x, y ∈ S , we clearly have {x} * {y} = x • y. As the operation " * " depends on the hyperoperation " • ", for a hypergroupoid S we use the notation (S, •, ≤) instead of (S, •, * , ≤).
The following two properties, though obvious, play an essential role in the investigation: 
it is called an ideal of S if it is both a right ideal and a left ideal of S . A nonempty subset Q of an ordered
As is an ordered semigroup, an ordered hypersemigroup is regular, for example, if and only if a ∈ ({a} * S * {a}] for every a ∈ S or A ⊆ (A * S * A] for every nonempty subset A of S . The other type of ordered hypersemigroups mentioned above can also be characterized in a similar way. 
Then (S, •, ≤) is an ordered hypergroupoid. If the multiplication of the groupoid (S, ·, ≤) is associative, then (S, •) is a hypersemigroup.
In the following we denote by (S, ·, ≤) the ordered groupoid and by (S, •, ≤) the ordered hypergroupoid constructed in Lemma 1.
Corollary 2. If (S, ·, ≤) is an ordered semigroup, then (S, •, ≤) is an ordered hypersemigroup.

Theorem 3. A set A is a right (left) ideal, ideal, or quasi-ideal of an ordered groupoid (S, ·, ≤) if and only if
A is a right (left) ideal, ideal or quasi-ideal, respectively, of the ordered hypergroupoid (S, •, ≤) . In particular, if (S, ·, ≤) is an ordered semigroup, then A is a bi-ideal or interior ideal of (S, ·, ≤) if and only if A is a bi-ideal or interior ideal of (S, •, ≤).
Proof Let A be a right ideal of (S, ·, ≤) . If t ∈ A * S then t ∈ a • x for some a ∈ A, x ∈ S , then t ≤ ax ∈ AS ⊆ A and so t ∈ A; thus A is a right ideal of (S, •, ≤) . Similarly, if A is a left ideal of
we have t ≤ x ≤ qs ∈ QS and t ≤ y ≤ cd ∈ SQ and then t ∈ (QS] ∩ (SQ] ⊆ Q. Thus we have (Q * S] ∩ (S * Q] ⊆ Q and so Q is a quasi-ideal of (S, •, ≤).
Let Q be a quasi-ideal of (S, •, ≤) and t ∈ (QS] ∩ (SQ] . Since t ∈ (QS], we have t ≤ qs for some q ∈ Q,
Let A be a bi-ideal of (S, ·, ≤) and t ∈ (A * S) * A . Then t ∈ x • y for some x ∈ A * S , y ∈ A and x ∈ a • s for some a ∈ A, s ∈ S . Then we have t ≤ xy ≤ (as)y ∈ ASA ⊆ A, and t ∈ A. Thus we have A * S * A ⊆ A and so A is a bi-ideal of (S, •, ≤). Let A be a bi-ideal of (S, •, ≤) and t ∈ ASA . Then t = (as)b
Let now A be an interior ideal of (S, ·, ≤) and t ∈ (S * A) * S . Then t ∈ x • y for some x ∈ S * A, y ∈ S and x ∈ s • a for some s ∈ S , a ∈ A. Then we have t ≤ xy ≤ (sa)y ∈ SAS ⊆ A; then t ∈ A. Thus we have S * A * S ⊆ A, and A is an interior ideal of (S, •, ≤) . Finally, let A be an interior ideal of (S, •, ≤) and t ∈ SAS . Then t = (xa)y for some x, y ∈ S , a ∈ A . Then (xa)y ∈ (xa)•y ⊆ (x•a) * {y} = {x} * {a} * {y} ⊆ S * A * S ⊆ A; then t ∈ A and so A is an interior ideal of (S, ·, ≤) .
2 Exactly as in ordered semigroups, the right quasiregular and the left quasiregular ordered hypersemigroups are semisimple.
Theorem 9. An ordered semigroup (S, ·, ≤) is regular, right (left) regular, intraregular, right (left) quasiregular, or semisimple if and only if the ordered hypersemigroup (S, •, ≤) is, respectively, so.
Proof Let (S, ·, ≤) be regular and a ∈ S . Then there exists x ∈ S such that a ≤ (ax)a . Then a ∈ (ax) • a .
Since ax ∈ a•x , we have ax•a ⊆ (a•x) * {a}. Since a ∈ (a•x) * {a} and a ≤ a, we have {a} ⪯ (a•x) * {a} and so (S, •, ≤) is regular. Let (S, •, ≤) be regular and a ∈ S . Then there exists x ∈ S such that {a} ⪯ (a•x) * {a} .
That is, there exist x, t ∈ S such that t ∈ (a • x) * {a} and a ≤ t . Then t ∈ u • a for some u ∈ a • x , from which t ≤ ua and u ≤ ax. Thus we get a ≤ t ≤ (ax)a = axa and so (S, ·, ≤) is regular. Let (S, ·, ≤) be intraregular and a ∈ S . Then there exist x, y ∈ S such that a ≤ xa 2 y = (xa)(ay) . Then a ∈ (xa) • (ay) and, since xa ∈ x • a and ay ∈ a • y , we have xa
and (S, •, ≤) is intraregular. Let (S, •, ≤) be intraregular and a ∈ S .
Then there exist x, y, t ∈ S such that t ∈ (x • a) * (a • y) and a ≤ t.
and so t ≤ uv , u ≤ xa, and v ≤ ay . Then we have a ≤ t ≤ (xa)(ay) = xa 2 y and so (S, ·, ≤) is intraregular.
Let (S, ·, ≤) be right quasiregular and a ∈ S . Then there exist x, y ∈ S such that a ≤ (ax)(ay). Then 
Lemma 11. Let (S, ·, ≤) be an ordered hypergroupoid and a, x ∈ S . Then ax = xa if and only if
Thus we have ax = xa. 2
Theorem 12. An ordered semigroup (S, ·, ≤) is strongly regular if and only if the ordered hypersemigroup (S, •, ≤) is so.
As application of the theorems of the paper we give the following examples. Table 1 and the order " ≤" below is an example of an intraregular ordered semigroup. 
The covering relation " ≺" of (S, ·, ≤) is the following:
and the figure of (S, ·, ≤) is given by Figure 1 . The right, left ideals, bi-ideals, and quasi-ideals of (S, ·, ≤) are the same and they are the sets {a, b, c} and S .
The hypersemigroup (S, •, ≤) that corresponds to the ordered semigroup (S, ·, ≤) is given by Table 2 of the hyperoperation and the same order as (S, ·, ≤) . •
According to Theorems 3 and 9, the ordered hypersemigroup (S, •, ≤) is intraregular and has the same right, left ideals, bi-ideals, and quasi-ideals as the ordered semigroup (S, ·, ≤). Table   3 and the order below is an example of a regular ordered semigroup. 
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and its figure is given by Figure 2 . The right ideals of (S, ·, ≤) are the sets: {a}, {a, b, d}, {a, c, f } , and S .
The left ideals of (S, ·, ≤) are the sets: {a}, {a, c, d}, {a, b, f } , and S .
The bi-ideals and the quasi-ideals of (S, ·, ≤) are the same and they are the following: {a} , {a, b}, {a, c} ,
The ordered hypersemigroup (S, •, ≤) that corresponds to (S, ·, ≤) is given by Table 4 .
According to Theorems 3 and 9, the ordered hypersemigroup (S, •, ≤) is regular and has the same right ideals, left ideals, bi-ideals, and quasi-ideals as the ordered semigroup (S, ·, ≤) . Table   5 and the order " ≤" below is an ordered semigroup that is regular, right regular, left regular, and intraregular. • 
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The covering relation of (S, ·, ≤) is the following:
and its figure is given by Figure 3 . The bi-ideals and the quasi-ideals of (S, ·, ≤) coincide with the left ideals of (S, ·, ≤).
The hypersemigroup (S, •, ≤) that corresponds to the ordered semigroup (S, ·, ≤) is given by Table 6 . Table 7 and the order " ≤" below. 
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We give the covering relation of (S, ·, ≤); and its figure is given by Figure 4 .
This is a simple ordered semigroup, as (SaS] = S for every a ∈ S ; it is also right quasiregular and left quasiregular, and so semisimple as well. Table   9 and the order defined by Figure 5 is a strongly regular ordered semigroup. The hypersemigroup (S, •, ≤) that corresponds to the above ordered semigroup is given by Table 10 . • a b c d e f a {b} {c} The ordered hypersemigroup (S, •, ≤) that corresponds to the ordered semigroup (S, ·, ≤) is given by Table 12 . It is of the same type as (S, ·, ≤) and has the same right, left ideals, bi-ideals, and quasi-ideals as the ordered semigroup (S, ·, ≤). • The ordered hypersemigroup (S, •, ≤) that corresponds to the ordered semigroup (S, ·, ≤) is given by Table 14 and the same order as (S, ·, ≤) . Note. In the above examples the part related to ordered semigroups has been implemented using our computer programs. Clearly it was not possible to construct such examples by hand. Having examples on ordered semigroups given by a table of multiplication and a figure, we get the corresponding examples on ordered hypersemigroups using the theorems given in the present paper.
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